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Abstract. We present elements of a theory of translation-invariant integration, measure, and harmonic analysis
on a valuation field with local field as residue field, extending work of I. Fesenko. Applications to zeta integrals for
two-dimensional local fields are then considered.

0.1. Introduction. Integration over valuation fields is an important area of research
in several mathematical fields. In the case of a higher dimensional local field it was first
considered by I. Fesenko [12] [13] in his programme of higher dimensional adelic analysis.
Later work by H. Kim and K.-H. Lee [27] [28] focused on the problem of integration on
algebraic groups over two-dimensional local fields. The model-theoretic approach to motivic
integration developed by E. Hrushovski and D. Kazhdan [21] [22] provides a powerful and
abstract framework which reduces the problem of integration on a valuation field of residue
characteristic zero to the value group and the residue field.

A. Parshin [33] was the first to emphasise the importance of generalising to higher di-
mensions the techniques used by J. Tate [35] and K. Iwasawa [23] in their study of L-functions
of number fields. A necessary component of such a generalisation is the development of a sat-
isfactory theory of translation-invariant integration, harmonic analysis, and zeta integrals on
higher dimensional local fields. Fesenko seriously considered the problem, focussing on the
two-dimensional case of an elliptic curve over a global field [16] [17], and his theory provides
a new approach to attacking the main open conjectures concerning the arithmetic of such
curves.

Analogously, a higher dimensional generalisation of the representation theory of p-adic
groups, or even of the Langlands programme, might be founded on the development of a
reasonable integration theory on algebraic groups over higher dimensional local fields. As
well as the work by Kim and Lee, the author has considered this problem in [30] [31].

Motivic integration, introduced by M. Kontsevich in a lecture at Orsay in 1995, reveals
the common geometric structure behind integrals over different p-adic fields and thereby al-
lows one to prove corresponding uniformity results. The theory involves integration over the
valuation field C((z)). The relationship between motivic integration and the contents of this
paper is discussed in section 8.
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In mathematical physics, the Feynman integral is not understood rigorously (see [24]
for discussion of the problems). The valuation field C((¢)) consists of formal loops, and so
measure theory on it may provide insight into Feynman measure. Additionally, integration
over this space appears to encode information about divergent integrals over the residue field
C; perhaps it can provide a systematic approach to understanding certain families of divergent
integrals of a physical nature.

Further remarks on these topics are given in section 8.

We now outline the content of the paper and important ideas. The primary reference for
this work is [12], to which we will refer as [AoAS].

Let F be a valuation field with valuation group I" and integers O, whose residue field
F is a non-discrete, locally compact field (i.e. a local field: R, C, or non-archimedean). Given
a Haar integrable function f : F — C, we consider the lift, denoted f%°, of f to O by the
residue map, as well as the functions of F obtained by translating and scaling

X = fO’O(ozx + a)

fora € F, « € F*. We work with the space spanned by these function as f varies. A
simple linear independence result (proposition 1.5) is key to proving that an integral taking
values in CI” (the complex group algebra of I'), under which %0 has value ff fu)du, is
well defined.

The integration yields a translation invariant measure. For example, in the case of C(¢),
the set St" + "t C[¢] is given measure u(S)X” in R[X, X1, where Sis a Lebesgue mea-
surable subset of C of finite measure 1 (S).

In section 3, the first elements of a theory of harmonic analysis are presented for fields
which are self-dual in a certain sense. For this we must enlarge our space of integrable func-
tions by allowing twists by a certain collection of additive characters; the central result is
that the integral has a unique translation-invariant extension to this larger class of functions.
A Fourier transform may then be defined in the usual way; a double transform formula is
proved.

The short section 4 explains integration on the multiplicative group of F. Here we gener-

alise the relationship dx = |x|~'d*x between the multiplicative and additive Haar measures
of a local field.

If F is a higher dimensional local field then the main results of the aforementioned
sections reduce to results of Fesenko in [A0oAS] and [13]. However, the results here are both
more general and abstract; in particular, if F is archimedean then we provide proofs of claims
in [A0oAS] regarding higher dimensional archimedean local fields, and whereas those papers
work with complete fields, we require no topological conditions. This more abstract approach
to the integration theory appears to be powerful; the author has also used it to deduce the
existence of a translation invariant integral on GL, (F') in [30] and prove Fubini’s theorem for
certain repeated integrals over F' x F in [31].

In the final sections of the paper, we consider various zeta integrals. Firstly, parts of the
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theory of local zeta integrals over F are lifted to F. In doing so we are led to consider certain
divergent integrals related to quantum physics and we suggest a method of obtaining epsilon
constants from such integrals.

We then consider zeta integrals over the local field F; a ‘two-dimensional’ Fourier trans-
form f — f* is defined (following Weil [36] and [A0AS] in the non-archimedean case)
and we prove, following the approaches of Tate and Weil, that it leads to a local functional
equation, with appropriate epsilon factor, with respect to s goes to 2 — s:

Z(g*, 0 1,2 —5) = ex(w, 5) Z(g, w, 5) .

See proposition 6.17 for precise statements. After explicitly calculating some *-transforms
we use this functional equation to calculate the *-epsilon factors for all quasi-characters w.
These results on zeta integrals and epsilon factors are then used to prove that * is an auto-
morphism of the Schwartz-Bruhat space S(F), which, though important, appears not to have
been considered before. When F is archimedean we define a new *-transform and consider
some examples.

In section 7, zeta integrals over the two-dimensional local field F are considered follow-
ing [A0AS]. Lacking a measure theory on the topological K-group K ;)p (F) (the appropriate
object for class field theory of F'; see [10]), a zeta integral over (a subgroup of) F* x F* is
considered:

FXxF*
C(fyx,s) = f F O, ¥) x o t(x, y)[tx, y)|* charr(x, y) dxdy .

Meromorphic continuation and functional equation are established for certain ‘tame enough’
quasi-characters; in these cases the functional equation, and explicit L-functions and epsilon
factors, follow from properties of the *-transform on F. Our results are compared with
[AoAS].

The advantages of our new approach to the integration theory are apparent in these chap-
ters on local zeta integrals. Our approach is to lift known results up from the local field
F, rather than try to generalise the proof for a local field to the two-dimensional field. For
example, we therefore immediately know that many of our local zeta functions have meromor-
phic continuation. Apparently complicated integrals on F reduce to familiar integrals over F
where manipulations are easier; for example, we may work at the level of F even though we
are calculating epsilon factors for two-dimensional zeta integrals.

The appendices are used to discuss some results which would otherwise interrupt the
paper. Firstly, the set-theoretic manipulations in [A0AS] (used to prove that the measure
is well-defined) are reproved here more abstractly. Secondly we discuss what we mean by
a holomorphic function taking values in a complex vector space; this allow us to discuss
analytic continuation of our zeta functions. Finally the extension of the integration theory to
F x F is considered; no proofs are given and similar results may be found in [30].
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0.2. Notation. Let I" be a totally ordered, abelian group (written additively) and F
a field with a valuation v : F* — I with residue field F, ring of integers O and residue
map p : O — F (also denoted by an overline). Suppose further that the valuation is split;
that is, there exists a homomorphism ¢ : I" — F* such that v o t = idp. The splitting of the
valuation induces a homomorphism n : F* — Fr by x — xt(—v(x)). Assume also that I"
contains a minimal positive element, denoted 1.

Sets of the form a + ¢ (y)OF are called translated fractional ideals; y is referred to as
the height of the set.

C(I') denotes the field of fractions of the complex group algebra CI" of I'; the basis
element of the group algebra corresponding to y € I' shall be written as X rather than as
y. With this notation, X” X® = X?*+% Note that if I is a free abelian group of finite rank n,
then C(I") is isomorphic to the rational function field C(X1, ..., X»).

F is assumed to be a non-discrete, locally compact field (i.e. a local field), and we fix
a choice of Haar measure on F; occasionally, for convenience, we shall assume that OF has

X . . X —
measure one. The measure on F is chosen to satisfy du = |u|~'d T u.

REMARK 0.1. The assumptions above hold for a higher dimensional local field. For
basic definitions and properties of such fields, see [14].

Indeed, suppose that F = F,, is a higher dimensional local field of dimension n > 2: we
allow the case in which Fj is an archimedean local field. If F; is non-archimedean, instead of
the usual rank n valuation v : F* — Z", let v be the n — 1 components of v corresponding to
the fields Fy, ..., F2; note that v = (vFon, v). If Fy is archimedean, then F may be similarly
viewed as an valuation field with value group Z"~! and residue field F;.

The residue field of F with respect to v is the local field F = Fj. If F is non-
archimedean, then the ring of integers O of F with respect to the rank » valuation is equal
to p~! (Of), while the group of units O with respect to the rank n valuation is equal to

p~H(OD).

1. Integration on F

In this section we explain a basic theory of integration on F. The following definition is
fundamental:

DEFINITION 1.1. Let f be a function on F taking values in an abelian group A; let
a € F,y € I'. The lift of f ata, y is the A- valued function on F' defined by

f((x —a)yt(—y)) if xea+t(y)Or,
0 otherwise .

VANACY) =:
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In other words,

f(@) if x € O,

0 otherwise .

900 =
and % (a +t(y)x) = fO0(x) for all x.

It is useful to understand how lifted functions behave on translated fractional ideals:

LEMMA 1.2. Let f*Y be a lifted function as in the definition; letb € F,§ € I'. Then
Sforall x in OF,

cased > y:
(b +1(8)x) = {f((b —a)i(—y)) ifbe a + (O,
0 otherwise .
case§ = y:
FErb+1(d)x) = :f((b —a)(=y)+x) ifbe a +1(VOF,
0 otherwise .
cased < y:

F(B+1t@)x —a)(=y)) ifxe@—bt@d ' +t(y —8O0F,
0

otherwise.

f””’(b+t(5)X)={

In particular, in this final case, if x, y € OF are such that f*V (b+t(8)x) and f*Y (b+t(8)y)
are non-zero, then x = y.

PROOF. This follows from the definition of a lifted function by direct verification. O

Let £ denote the space of complex-valued, Haar integrable functions on F.

REMARK 1.3. A couple of remarks:
(i) Fora e F,y e I',let L% denote the space of complex-valued functions on F of
the form f%V, for f € L. Suppose a; + t(y1)Of = az +t(y2)OF. Then y; = y, and

FUN@) = [P (x +ar —ar) = g7 (x)

where g € L is the function g(y) = f(y + (a2 — a1)t(—y»2)). Hence LY = L9212,
(i) Given a lifted function f%¥ and t € F, the translated function x — f%*? (x + 1)
is the liftof f ata — 7, y.

DEFINITION 1.4. For J = a +1t(y)OF atranslated fractional ideal of F, define £(J)
to be the space of complex-valued functions of F of the form f%7, for f € L. Introduce an
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integral on £(J) by

J
/ :L(J) = C, f”’yHﬁf(u)du.
F

By remarks 1.3 and translation invariance of the Haar integral on F, the integral is well-
defined (i.e. independent of a, y).

PROPOSITION 1.5. The sum, inside the space of all complex-valued functions on F,
of the spaces L(J), as J varies over all translated fractional ideals, is a direct sum.

PROOF. Let J;, fori = 1...,n,bedistinct translated fractional ideals, of height y; say.
Suppose fi € L(J;) foreach i, with )", fi = 0; we may suppose that y; < y» <--- < y,.

Fix a value of i satisfying | < i < n. If 5 = y,, then J; and J,, are disjoint translated
fractional ideals, and so f; is constantly zero on J,. Else y; < ¥, and then the first case of
lemma 1.2 implies that f; is constant on J,,.

Therefore f, = — Zf;ll fi is constant on J,,, implying that f; is the lift of a constant
function, and therefore that it is zero (for £ contains no other constant function). The proof
now follows by induction. O

This linear independence result clearly allows us to extend the | J, as J varies over all
translated fractional ideals, to a single functional:

DEFINITION 1.6. Let L(F)c be the space of complex-valued functions spanned by
L(J) for all translated fractional ideals J. Let f £, L(F)c — C(I") denote the unique linear

map such that if f € £(J) for some J of height y, then fF(f) = fj(f) X7.
L(F)c will be referred to as the space of complex-valued, integrable functions on F'.

Remarks 1.3 imply that L(F)c is closed under translation from F and that f Fis trans-

lation invariant. We will of course usually write fF f(x)dx in place of fF(f).

REMARK 1.7. If A were an arbitrary C-algebra and elements ¢, € A were given for
each y € I', we could define an A-valued linear translation invariant integral on L(F)c by
replacing X? by c, in the previous definition. However, using X? ensures compatibility of
the integral with the multiplicative group F*, in that it implies the existence of an absolute
value with expected properties; see Lemma 4.1.

This phenomenon also appears when extending the integration theory to F", M, (F),
and GL,(F): one must take into account the action of GL,(F) on F" in order to develop a
satisfactory theory (see section 6 of [30]). Unfortunately, a precise uniqueness statement is
not yet available.

REMARK 1.8. Letus check to what extent L(F)c and f F depend on the choice of the
splitting ¢. Let ¢’ be another splitting of the valuation: that is, ¢’ is a homomorphism from
I' to F* with v ot = idr. Then there is a homomorphism u : I" — O} which satisfies
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t(y) =u)t'(y)fory e I''Letg € L,a € F,and y € I'; let f be the lift of g at a, y with
respect to ¢, and f’ the lift of ¢ at a, y with respect to #’. Thus, by definition, f and f’ both
vanishoff J = a +t(y)Ofr = a + t'(y)OF, and for x € Op,

fla+t()x) =9®, flla+iy)x)=g9x.

Therefore /'(a +1(y)x) = g(u(y) ' ©) andso [/ (f) = ()| [ g(v) dy = @l [ (f).

Let [ i (resp. [ F’I/) denote the integral over J (resp. F) with respect to ¢’; the previous
paragraph proves that fj = lu(y)| fj’t/. Let 0 : C(I") — C(I') be the C-linear field
automorphism of C(I") given by o(X") = |u(y)|X?, fory € I'. Then for all f € L(F)c,

the identity
F F.t/
/ f)dx = O’(/ f(x)dx)
follows.

So the integral is well-defined up to an automorphism of C(I").
Regarding absolute values, we have the following attractive result:
PROPOSITION 1.9. If f belongs to L(F)c, then so does x — | f(x)].

PROOF. We may write [ = Zf’zl fi; here J;, fori = 1...,n, are distinct translated
fractional ideals, of height y; say, and f; € L£(J;). We may also assume that y; < --- < y,.

The statement with £ in place of L(F)c is true by definition of Haar integrability; hence
the statement is true for £(J), where J is any translated fractional ideal. So if n = 1 we are
done, and we now assume n > 1, proving the result by induction.

In the same way as in the proof of proposition 1.5, each function f;, for 1 < i < n, is
constant on J,. Let a be any element of J,,. Then the following identities hold:

n—1 n—1
Ifl= Zfi +(|f|— Zﬁ)char;ﬂ

i=1 i=1
n—1 n—1 n—1

= Zfi +(fn+2fi(a) — Zﬁ(a))charjn
i=1 i=1 i=1
n—1 n—1 n—1

=Y A+ |8+ D f@| -] fi@)].
i=1 i=1 i=1

The proof will be complete if we can show that

n—1
i+ fi@ ()

i=1

n—1
> fita
i=1
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belongs to L(F)c. Write f,, = g% for some g € L; then the function (x) is the lift at a, y,
of the Haar integrable function |g + Z;’;ll fi(a)| — |Z;’=_11 fi(a)l. a

Although L(F)c is closed under taking absolute values, the following examples show
that there is some unusual associated behaviour, and that there is no clear definition of a ‘null
function’ on F':

EXAMPLE 1.10. Introduce f| = char({)(’)?, the characteristic function of #(1)Op, and

for=-2 charg’y where S is a Haar measurable subset of F with measure 1 and y is a positive
element of I'. Let f = f1 + f>.
(i) Firstly we claim that the following hold:

F F
/ |f(x)|dx =0, / f(x)dx = =2X7 .

Indeed, the second identity is immediate from the definition of the integral. For the first
identity, note that as in the proof of the previous proposition (with n = 2),

Lfl=1A1+1f2+ AO] = 1/0)].

Further, f1(0) = 1 and the function | f> + 1] is identically 1. So | f| = char({)(’)?, from which
the first identity follows.
(ii)) Secondly, the considerations above imply

F F F
/If(x)ldx=/ [f1(x)ldx =0, /If(x)—fl(X)ldx=2X”-

(iii) Finally, consider the translated function f'(x) = f(x —a), where a is any element
of F notin Op. Then f’ and f have disjoint support and so

F F
/ If(x)—f/(x)ldx=/ ]+ L ()ldx

F F
=/ |f<x)|dx+/ 1/ ()ldx = 0

by translation invariance of the integral. Also, fF f(x)— f/(x)dx =0. Thus g = f — f/
provides an example of a complex-valued integrable function on F such that [ d lg(x)|dx =
f F g(x)dx = 0, but where the components of g in £(J), for all J, are lifts of non-null

functions.

As will become apparent in the study of harmonic analysis, it is more natural to inte-
grate C([")-valued functions on F than complex-valued ones, so we define our main class of
functions as follows:
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DEFINITION 1.11. A C(I')-valued function on F will be said to be integrable if and
only if it has the form x — Y, fi(x) p; for finitely many f; € L(F)c and p; € C(I"). The
integral of such a function is defined to be

F F
/ fodx =3 f fi()dx pi.

This is well defined. The C(I") space of all such functions will be denoted L(F); the integral
is a C(I")-linear functional on this space.

In other words, L(F) = L(F)c ®c C(I") and the integral is extended in the natural way.
The integrable functions which are complex-valued are precisely L(F)c C L(F), so there is
no ambiguity in the phrase ‘complex-valued, integrable function’.

For the sake of completeness, we summarise this section as follows:

PROPOSITION 1.12. L(F) is the smallest C(I") space of C(I")-valued functions on F
which contains g% forall g € L,a € F,y € I'. There is a (necessarily unique) C(I")-linear

Sfunctional fF on L(F) which satisfies

F
/ g”’Wx)dx:/_g(u)duX”.
F

L(F) is closed under translation and f F'is translation invariant.
We finish this section by discussing a couple of extensions of the theory.

Abstraction. Examination of the proofs in this section leads to the the following simple
abstraction of the theory:
Let F', V', ¢/, I'’ satisfy the same conditions as F, v, t, I, except that we do not suppose

F is alocal field. Let L be an arbitrary field, and £’ an L space of L-valued functions on f/,
equipped with an L-linear functional 7, with the following properties:

(1) L’ is closed under translation from F and I is translation invariant (ie. f € £ and
aecF implies y = f(y + a) is in £’ with image under I equal to I (f)).

(ii) £’ contains no non-zero constant functions.

Let L' (F’) be the smallest L(I"") space of L(I"’)-valued functions on F' which contains
f&Y for f € L,a € F',y € I''. Then there is a (necessarily) unique L(I"")-linear functional
1™ on L£/(F’) which satisfies I¥'(f%¥) = I(f) X" . Further, the pair £/ (F'), I* satisfy (i)
and (ii) with the field L(I"’) in place of L.

In particular, suppose F is a three dimensional local field, say, with first residue field
F> (a two-dimensional local field), and F = F) a local field. Then the integral on F can be
obtained either by lifting the Haar integral to F> and then (by using this remark) lifting again
to F, or by following the arguments of this section and lifting the Haar integral directly to F'.

This ‘transitivity’ of lifting the integral is also present in E. Hrushovski and D. Kazhdan’s
motivic integration theory; see [21, §12.2]
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Integration on F' x F. See appendix C.

2. Measure theory

We now produce a measure theory from the integration theory; results of [AoAS] are
recovered and extended.

DEFINITION 2.1. A distinguished subset of F is a set of the form a + t(y),o’1 (),
wherea € F,y € I', and S is a subset of F of finite Haar measure. y is said to be the level

of the set.

Let D denote the set of all distinguished subsets of F; let R denote the ring of sets
generated by D (see appendix A for the definition of ‘ring’).

REMARK 2.2. Note that the characteristic function of a distinguished set a +
t()/),o’1 (S) is precisely the lift of the characteristic function of S at a, y. Proposition 1.5
proves that if a; + t(yl)p_l(Sl) =ay+ t(yz),o_l(Sz), then y; = y» and S is a translate of
S>. In particular, the level is well defined.

LEMMA 2.3. Let A; = a; + t(y,-),o_l(S,-), i = 1,2, be distinguished sets with non-
empty intersection.

) Ify1 = y2,then A1 N Ay and A1 U Ay are distinguished sets of level yy.

(i) Ify1 # y2. then Ay C A2 if y1 > y2,and Ay C Ay if ya > y1.

PROOF. This is immediate from the definition of a distinguished set. O

Referring again to appendix A, it has just been shown that D is a d-class of sets. By
proposition A.9, the characteristic function of any set in R may be written as the difference of
two sums, each of characteristic functions of sets in D; therefore the characteristic function
of any set in R belongs to L(F)c.

DEFINITION 2.4. Define the measure 1 (W) of a set W in R by

F
whFw) = / chary (x)dx .
By the properties of the integral, 1 ” is a translation-invariant, finitely additive set func-

tion R — RI (the real group algebra of I'). For a distinguished set A = a + t(y)p~'(S),
remark 2.2 implies

F F
nh(a) = / (chary) = / (charg”) = u(S) X7,

where u denotes our choice of Haar measure on F.

EXAMPLE 2.5. These examples demonstrate some unusual behaviour of the measure:
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(i) Fory € I', the set t(y)Or = t(y — 1)p~'({0}) is distinguished, with measure
Zero.

(i) Let S be a subset of F of finite measure. The set p~L(F \ §) = Ofr \ p~1(S)
belongs to R and has measure —x(S). Compare this with example 1.10.

(iii) wf is not countably additive. Indeed, write F as a countable disjoint union of
sets of finite measure; F = Ll; Si say. Then O = | |; p~1(S;) has measure zero, while
> nF (71 (8) = o0

(iv) Suppose that F = R. Set Ay,_| = nt(—1) + p~1([0, 1/n]) and Ay, = nt(—1) +
o~ 1(R\ [0, 1/n]) for all natural numbers n. Then uf (Az2,—1) = 1/n, n¥ (A2,) = —1/n, and
Ll Ai =L, nt(=1D)+ OF = t(—1)p~1(N), which has measure 0.

The series ) ; ¥ (A;) is conditionally convergent in R (i.e. convergent, but not absolutely
convergent). By a theorem of Riemann (see e.g. [3, chapter 8.18]), there exists, for any
real g, a permutation ¢ of N such that Zi uf (As(i)) converges to g. But regardless of the
permutation, 17 (||, As()) = 0.

Let us consider a couple of examples in greater detail and give a more explicit description
of the measure:

EXAMPLE 2.6.
(i) Suppose that F is an n-dimensional, non-archimedean, local field, with local pa-

rameters 1, ...,t,. We view F as a valued field over the local field F = Fj, rather than
over the finite field F. The results of this section prove the existence of a finitely additive
set function pf on the appropriate ring of sets, taking values in R[Xzil, ...y X', which
satisfies

uF(a—i—tfl et OF) :q‘”}(? X

for a € F and integers r;. Here Or denotes the ring of integers of F' with respect to the rank
n valuation, and ¢ is the cardinality of Fy.

However, we have not made use of any topological property of F; in particular, this result
holds for an arbitrary field with value group Z”"~! and a non-archimedean local field as residue
field. This measure theory therefore extends that developed in [A0oAS], while also providing
proofs of statements in [A0AS] for the case in which the local field is archimedean.

Fesenko also extends his measure to be countably additive under certain hypotheses, a
result which was required in the author’s application of Hrushovski and Kazhdan’s work to
two dimensional integration (see section 8).

(i) Suppose that F = F((1)), the field of formal Laurent series over F, or F = F(1),
the rational function field (here we write ¢+ = #(1)). Then a typical distinguished set has the
form

a(®) + St" + "tUF[[+]] (Laurent series case)
a(t) + St" + "t1F[¢]  (rational functions case)
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fora(t) € F,and S C F of finite Haar measure. Such a set has measure £ (S) X", where
denotes our choice of Haar measure on F.

3. Harmonic analysis on F
Now we develop elements of a theory of harmonic analysis on F.

DEFINITION 3.1. Suppose that ¢ : F — S! is a homomorphism of the additive
group of F into the group of complex numbers of unit modulus. Then v is said to be a good
character if it is trivial, or if it satisfies the following two conditions:

(i) There exists f € I" such that i is trivial on 7 (f)OF, but non-trivial on # (f — 1)OF;
f is said to be the conductor of V.

(i) The resulting character ¥ of the additive group of F defined by ¥ (x) = ¥ (¢(f —
1)x), for x € OF, is continuous.

The conductor of the trivial character may be said to be —oo. The induced character on F as
in (ii) will always be denoted .

The definition of a good character is designed to replace the continuity assumption which
would be imposed if F had a suitable topology.

EXAMPLE 3.2. Suppose that F = F((t)), the field of formal Laurent series over F
(here (1) = t). Let ¥ be a continuous character of F. Then > ait’ — Yg(ay) is a good
character of F of conductor n + 1 and induced character ¥%.

Recall (see the list of notation at the start) that  : F>* — F” is the ‘angular component
map’, defined by n(«) = af(—v(a)).

LEMMA 3.3. Suppose that  is a good character of F of conductor f; leta € F. Then
X = Y (ax) is a good character of F, with conductor | — v(a); the character induced on F
by x — V(ax) isu — ¥ (n(a)u) (assuming o # 0).

PROOF. This is easily checked. O

Given ¥, « as in the previous lemma we will write v, for the translated character x +—
¥ (ax) (and we employ similar notation for characters of F).
Before proceeding, we must make a simple assumption:

We assume that a non-trivial good character s exists on F.

By the previous lemma we may (and do) assume further that v has conductor 1, and we fix
such a character for this section. With this choice of conductor, x € O implies ¥ (X) = ¥ (x).
We will take Fourier transforms of integrable functions g on F with respect to the character
¥; thatis, g(u) = [ g(v)¥ (uv) dv.
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REMARK 3.4. Such a character certainly exists on a higher local field. Indeed, such a
field is self-dual: if ¥, ¥| are good characters with ¥ non-trivial then there is « € F* such
that ¥ (x) = ¥ (ax) for all x € F. For more details, see section 3 of [AoAS].

3.1. Extending the integral to twisted functions. Let L(F, ) denote the C(I")
space of C(I")-valued functions on F spanned by f, for f € L(F), ¢ € F;takinga =0
we see that L(F) € L(F, ). Our immediate aim is proposition 3.7, which states that the
integral on F has a unique translation invariant extension to this space of functions.

It is convenient for the following results to write £L” (where y € I') for the sum of the
spaces L(J) over all translated fractional ideals of height y; this sum is direct by proposition
1.5. Note that if f € LY anda € F with v(a) > y then f(x +a) = f(x) forall x € F.

Certain products of an integrable function with a good character are still integrable:

LEMMA 3.5. Let J = a + t(y)OF be a translated fractional ideal and @ € F. If

y = —v(), then Y, chary is the lift of w(aa)wn(a) ata,y; if y > —v(a), then Yy is
constantly ¥ (aa) on J.
Therefore, if y > —v(a) and f is in LY then [y is also in LY.

PROOF. The identities may be easily verified by evaluating on a + #(y)OF. The final
statement follows by linearity. O

In contrast with the previous lemma, we now consider the case y < —v(«):

LEMMA 3.6. Let «;, y; be finitely many (1 < i < m, say) elements of F, I" respec-
tively, and let f; € LY for each i. Suppose further that y; < —v(w;) for each i and that

Y i fiv, is integrable on F. Then fF Yo fi) Y (x)dx = 0.

PROOF. The result is proved by induction on m. Let y € t(—v(w,))OF satisfy
VYa,, (v) # 1. The functions

X Y i Ve + ) =) Y (0 fi (6 + )Y ()
i i
X > Y, (0) i () Py (1)
i
are integrable on F, the first having integral equal to that of ) _; fi,, by translation invariance

of f F Taking the difference of the two functions, noting that f,,(x + y) = fu(x), and
applying the inductive hypothesis, obtains

F F
/ 3 i )W, (0)dx = Y, () f > i)Y, (ndx

which completes the proof. O

The first main result of this section may now be proved:
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PROPOSITION 3.7. fF has a unique extension to a translation-invariant, C(I")-linear
Sfunctional on L(F, V).

PROOF. To prove uniqueness, suppose that I is a translation-invariant C(I")- linear
functional on L(F, ¢) which vanishes on L(F). We claim that I is everywhere zero; by
linearity it suffices to check that I vanishes on f, for f € LY (any y € ') and @ € F. If
y > —v(a), then f is integrable by lemma 3.5 and so I (f¢y) = 0. If y < —v (), then let
y € t(—v(a))OF satisfy ¥, (y) # 1; as in lemma 3.6 the identity 1(fvy) = Yo (V) I(f¥y)
follows from translation invariance of 7. This completes the proof of uniqueness.

To prove existence, suppose first that f € L(F, ) is complex-valued, and write f =
> i fivy,, for finitely many «; € F, and f; € L say. Attempt to define

F
IH= Y, /fi(x)wa,(x)dx.
Vilei}.(ai)

We claim that this is well-defined. Indeed, if f = 0, then the function

Yo fiVa == Y. fivw

is.t. st
vi<—v(a;) viz—v()

lies in L(F) by lemma 3.5. By lemma 3.6, the function has integral equal to zero, and so

F F
0=/ Z fiX) Vo, (x)dx = Z /fi(x)t/fa,-(X)dx.

is.t is.t
vi=—v(ei) vi=—v(a;)

This proves that [ is well-defined.
I extends to L(F, ) by setting I(Zj gj XVi) = Z/’ I(g;) X7i for finitely many
complex-valued g; in L(F) and y; in I". Translation invariance of I follows from translation

L F
invariance of [ . O

We shall denote the extension of f Fto L(F, ¥) by the same notation f .

REMARK 3.8. The previous results may be easily modified to prove that there is a

unique extension of [ ¥ to a translation-invariant C(I")-linear function on the space spanned
by f¥, for f € L(F) and ¥ varying over all good characters.

EXAMPLE 3.9. Suppose that F is non-archimedean, with prime 7 and residue field of
cardinality g. Let w = (v o 1, v) be the valuation on F* with value group Z x I" (ordered
lexicographically from the right), with respect to which F has residue field F, (the reader
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may find it useful to compare this with remark 0.1). Leta € F,y € I', j € Z; then

F 0 if y <—v(a),
/ Va(x) char () -1 (i 0 (X)dx = fn;OFJ(n(a)u)du Xv if y=-v(a),
i char, () ,-1(rio (Ddxif y > —v(a).

Suppose further, for simplicity, that ¥ is trivial on 7 O but not on O, and that the Haar

measure on F has been chosen such that Of has measure 1; then

{0 if j<-—vr(n),

¥ (n(@u)du = o
_/,;/ - g if j > —vg(na)).

F

Therefore
F 0 if wa)<(—j+1,-y),
Y4 (x) char “IpiO— (X)) = .
/ ‘ 10 I0p gIXY if wia) = (—j+1,—y).

Finally, as char 10Xy = Chaty ) -1 j 0y — chary ) p-1(zi+105), it follows that
"

t(y)p~

F 0 if w(a) < (_]a _y) )
/ Va (6) ehar, -1z %) (¥)dx = § =g X7 it wa) = (—j. —y),
g7 (1 =g HX" if w@) > (—j,—y).

Compare with the example in section 7 of [AoAS].

3.2. The Fourier transform. Now that we can integrate functions twisted by char-
acters, we may define a Fourier transform on F':

DEFINITION 3.10. Let f be in L(F, ). The Fourier transform of f, denoted f, is
the C(I")-valued function on F defined by f(x) = fF f)v(xy)dy.

The Fourier transforms on F and F are related as follows:

PROPOSITION 3.11. Let g be Haar integrable on F,andy € I',a,b € F; set f =
9@V Y, the product of a lifted function with a good character. Then

f=v@b)§g™ "y, X7

where § is the Fourier transform of g with respect to 1.

PROOF. By definition of the Fourier transform, x € F implies

F
fo) = / g MY (b + x)y)dy. (%)
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This is zero if y < —v(b + x), i.e. if x ¢ —b + t(—y)OF. Conversely, suppose that
x = —b + t(—y)xo, where xg € OF; then the integrand in (%) is

T Vg = W (=P)azo) g™ VT

an identity which is easily checked by evaluating on a + #(y)OF. So
F
feo = vy [ 97 0T 0y

= Y (t(=y)axo)§g(xo) X"
= Y(alx +b)g(xo0) X7,
which completes the proof. O

Let S(F, ) denote the subspace of L(F, ¢) spanned over C(I") by functions of the
form g*¥ 1, for g a Schwartz- Bruhat function on F, y € I',a,b € F. Recall that the
Schwartz-Bruhat space on F is invariant under the Fourier transform and that there exists a
positive real A such that for any Schwartz- Bruhat function g, Fourier inversion holds: 5(14) =
Ag(—u) for all u € F. The following proposition extends these results to F:

PROPOSITION 3.12. The space S(F, V) is invariant under the Fourier transform. For
fin S(F, V), a double transform formula holds: f(x) = Af(—x) forallx € F.

PROOF. By linearity it suffices to consider the case f = g%y, fory € I',a,b € F,
and ¢ a Schwartz-Bruhat function on F. Then f = Y (ab)§~" "y, X" belongs to S(F, )
and so
f=v@b) ¥ (=ba)g™ " Y-pX 7" XV = ()" Y,
by proposition 3.11. Apply the inversion formula for g to complete the proof. O

REMARK 3.13. Let us consider the dependence of the theory on the choice of charac-
ter v; let ¥’ be another good character of F. In the interesting case of a higher local field,
self-duality implies that v' = v, for some & € F*; so we will restrict to this case and assume
henceforth ¥" = v,. Then L(F, ) = L(F, ¥'), where L(F, ¢') is defined in the same way
as L(F, ) but replacing ¢ by y'; further, the uniqueness of the extension of [ F given by
proposition 3.7 shows that this extension does not depend on .

Let f be the conductor of ¥, and 4 the induced character of F; thus ¥/ (X) = ¢/ (¢ (.
1)x) for x € Op. By lemma 3.3, " = ¥/, (4, and f = 1 — v(a).

Let g be Haar integrable on F,andy € I',a,b € F;set f = g*7 V. Let f denote the
Fourier transform of f with respect to ¥'; then for y € F,

F
Fo) = / FEOW (y)dx
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= g% Yap(ay)
= Y (aab)§ =" (@y)a(@y) X7,
by proposition 3.11. Further, y — §~%*~7 (ay) is the liftof v > §(n(a)v) at —b, —y —v(a),

an identity easily proved (or see the proof of lemma 4.1 below). Also, g(n(@)v) = §(v),

where § is the Fourier transform of ¢ with respect to 1/, and so the analogue of proposition
3.11 follows:

f=v' @by =@yl xv.

For f in S(F,y’) = S(F, ), the analogue of proposition 3.12 now follows: f =
§7ery’, XY@, Thatis,

f@) =1 f (=0 X!
for all x € F, where A’ is the double transform constant associated to v/ (see the paragraph

preceding proposition 3.12).

4. Integration on F*

In this section, we consider integration over the multiplicative group F*. By analogy
with the case of a local field, we are interested in those functions ¢ of F* for which x >
¢ (x)|x|~! is integrable on F, where | - | is a certain modulus defined below.

Let |- | = |- |z denote the absolute value on F normalised by the condition [ glau)du =
o]~ ! [ g(w)du for g € L, € F*. First we lift this absolute value to F:

LEMMA 4.1. Let f be a C(I")-valued integrable function on F and @ € F*. Then

the scaled function x — f(ax) also belongs to L(F), and

F F
/ flax)dx = [n()| ' Xx@ / fx)dx

(see the list of notation for the definition of n).

PROOF. By linearity we may assume that f is the lift of a function from L; f = g%V
say. Then for all x € o~ (a + t(y)OF),

flax) = g((ax —a)t(—y)) = g(n(@) (x —a~la)r(v(a) —y)).

So the function x — f («x) is the lift of the function y — g(n(x)y) at a la, y —v(«). This
has integral

/*g(”(“)”)d“ X7 = p(a)| ! f—g(u)du X7 x~V@
F F
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F
= In(e)| "' X f fx)dx,

as required. O
REMARK 4.2. Lemma 4.1 remains valid if L(F) is replaced by L(F, ).
The lemma and remark suggest the follows definition:

DEFINITION 4.3. For « in F*, the absolute value of «a is defined to be |a| =
[n(@)| X' @, Let L(F*,y) be the set of C(I")-valued functions ¢ on F* for which
x — ¢(x)|x|~!, a function of F*, may be extended to F to give a function in L(F, yr).
The integral of such a function over F* is defined to be

FXx

F
$(x)dx = f ¢(0)|x|~dx,
where the integrand on the right is really the extension of the function to F.

REMARK 4.4. There is no ambiguity in the definition of the integral over F*, for
x — ¢(x)|x|~! can have at most one extension to £(F, ¥). This follows from the fact that
L(F, ) does not contain charypy.

L(F*, ) is a C(I")-space of C(I")-valued functions, and fFX is a C(I")-linear func-
tional. Moreover, the integral is invariant under multiplication in the following sense:

PROPOSITION 4.5. If ¢ belongs to L(F*,¥) and « is in F*, then x — ¢ (ax) be-
longs to L(F* ) and [*~ ¢(ax)dx = [T ¢(x)dx.

PROOF. Let x — ¢ (x)|x|~! be the restriction to F* of f € L(F, ), say. Then
x = ¢lax)|x|”! = |a|p(ax)|ax|~! is the restriction to F* of x — |a|f(ax), which
belongs to L(F, ¥) by lemma 4.1. By the same lemma,

F* . F
¢(ax)dx :/ lee] f(ax)dx

F
= |a||a|—1f f(x)dx

F* «
= ¢ (x)dx ,

as required. O

EXAMPLE 4.6. We compute a couple of integrals on F*:
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(i) Let g be Haar integrable on F,a € F,y € I', and assume O ¢ a 4t (y)OF. Let ¢
be the restriction of g*'¥ to F*. Then ¢ € L(F*, V), and

FX

F
$(0) di = |a|*‘f 47 (oydx

Indeed, x € a + t(y)OF implies n(x) = n(a), and so x +— <;>(x)|x|’1 is the restriction of
la|~'g®7 to F*.

(i) Let g be Haar integrable on F™, and let ¢ be the function on F* which vanishes
off O and satisfies ¢ (x) = g(x) forx € Of. Then ¢ € L(F*, ¢) and

FX

¢(x)d§c=/_g(u)|u|—1du.
F

Indeed, let & be the extension of u — ¢(u)|u|~! to F defined by #(0) = 0. Then A is Haar
integrable on F, and h90 € L(F) restricts to the function of F* given by x — ¢ (x)|x|L.

In this way, the integral on F* lifts the Haar integral on F*, just as integral on F lifts the
Haar integral on F.

5. Local zeta integrals

In the remainder of the paper we will discuss (generalisations of) local zeta integrals. We
begin by summarising the main results of local zeta integrals for the local field F; see [29,
chapter 1.2]. Let g be a Schwartz-Bruhat function on F, w a quasi-character of F*, and s
complex. The associated local zeta integral on F is

tr(g, w,5) = ff 9o @)|ul du.

This is well-defined (i.e. the integrand is integrable) for Re(s) sufficiently large. Associated to
w there is a meromorphic function L(w, s), the local L-function, with the following properties:
(AC) Analytic continuation, with the poles ‘bounded’ by the L-function: for all
Schwartz-Bruhat functions g, {#(g, w, s)/L(w, s), which initially only defines a holomorphic
function for Re(s) sufficiently large, in fact has analytic continuation to an entire function

Z7(9, w, $)

of s.
(L) ‘Minimality’ of the L-function: there is a Schwartz-Bruhat function g for which

Z5(g9, w,5) =1

for all s.
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(FE) Functional equation: there is an entire function & (w, s), such that for all Schwartz-
Bruhat functions g,

Z7(0, 0 1 —5) = e(w, $) ZF(g, @, 5) .

Moreover, €(w, s) is of exponential type, i.e. £(w, s) = ag” for some complex a and integer
b.

Having lifted aspects of additive measure, multiplicative measure, and harmonic analysis
from the local field F up to F, we now turn to lifting these results for local zeta integrals.
Later, in section 7, we will assume that F is a two-dimensional local field and consider a
different, more arithmetic, local zeta integral. To avoid confusion between the two we may
later refer to those in this section as being one-dimensional; the terminology is justified by the
fact that this section concerns lifting the usual (one-dimensional) zeta integrals on F up to F.

DEFINITION 5.1. For finS(F, ¥), w : O; — C* ahomomorphism, and s complex,
the associated (one-dimensional) local zeta integral is

F><
G(fows) = [ f@w@)x] chargx (x)dx

assuming that the integrand is integrable on F *.

REMARK 5.2. The integral is taken over O, instead of the full multiplicative group of
the field, because this will be more natural in the later study of two-dimensional zeta integrals.

We will focus on the situation where w is trivial on 1 + 7(1)OF; that is, there is a ho-

momorphism @ : F* — C* such that w(x) = w) for all x € O;. If this induced
homomorphism  is actually a quasi-character (i.e. if it is continuous), then we will say that
w is a good (multiplicative) character; just as for additive characters, this imitates a continuity
condition.

Restricting to such tame characters is a definite problem with the current theory. The
difficult of twisting additive characters by ramified multiplicative characters also appears in
motivic integration; for example, the current theories of motivic Igusa zeta functions [9] and
motivic exponential sums [7] [8] do not apply to ramified characters.

5.1. Explicit calculations and analytic continuation. We perform explicit calcula-
tions to obtain formulae for local zeta integrals attached to a good character:

LEMMA 5.3. Let w be a good character of O; let f = gV, be the product of a
lifted function and a character, where g is Schwartz- Bruhat on F,a,b € F,y € I'. Then we
have explicit formulae for the local zeta integrals in the following cases:

(i) Suppose that v(a) < min(y, 0); or that 0 < v(a) < y; orthat 0 < y < v(a).
Then f(x)w(x)|x|* charO; (x) =0forallx € F,s € C.
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(i) Suppose 0 = v(a) < y. Then f(x)w(x)|x]|* CharO; x) = f(x)w(a)l|al® for all
x € F,s € C; the local zeta integral is well-defined for all s and is given by

F
A f ) = o(@lal™! / F)dx.

(iii)) Suppose 0 = y < v(a). Then the local zeta integral is well-defined for Re(s)
sufficiently large, and is given by

tF(gyg, @, s) if v(b) =0,

ld _
';F(f’w’s)_{o if v(b) <0

where g| is the Schwartz-Bruhat function on F given by g1 (1) = g(u — a).

PROOF. In any of the cases in (i), f vanishes on (9;; so f(x) charO; (x) = 0 for all

x e F.
In case (ii), a 4+ t(y)OF is contained in O;, and x € a + t(y)OF implies w(x)|x|* =
w(a)l|al®; this implies that f(x)w(x)|x|* charO; x) = fw(a)lal® charO; (x) forall x €

F,s € C. Moreover, for all x € F, these results again imply f(x)|x|~! = f(x)|a|™};
therefore f is integrable over F*, with fFX f(x) dx = la|~! fF f(x)dx.
Finally we turn to case (iii). First note that ¢%Yew| - |*~! charO; is the lift of

q@| - 7! charfx at 0, 0. Now, if Re(s) is sufficiently large then the theory of local zeta

integrals for F implies that ¢;@] - |* ™! charfx is integrable on F'; thus fw|-|*~!

charO; is the
restriction to F* of (giw| - |*~! charfx)o’ol/fb, a function which belongs to L(F, ¥r).

By definition of the integral on F* it follows that (for Re(s) sufficiently large)
fol - |*7! charO; belongs to L(F*, ¥), and

F* F
P00 et (d = [ (9111 eharg )00y 0d

ST (@@ 1P~ char )0 (x)dx if v(b) >0,
=1 [T (g@| - "~  charpx y3)*0(0)dx if v(b) =0,
0 if v(b) <0
fgl W) |uls~! charfx (u)du if v(b) >0,
= fgl W) |uls~! ChaI'Fx @)Y (w)du if v(b) =0,
0 if v(b) <0
(g1, @, 8) if v(b) >0,
=1¢(gvp.w.5) if v(b) =0,
0 if v(b) <0,
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as required. O

REMARK 5.4. Letw and f = g%? vy be as in the statement of the previous lemma.
The lemma treats all possible relations between v(a), y, and 0 with the exception of v(a) >
y < 0. There are interesting complications in this case: since f charO; = fO)yp charO; ,

we wish to calculate

F><
Gi(fo.) = fO) | P@o@x| chargx (x)dx .

For example, if 1, has conductor 1 then
Ypol - | chargx = (V| - |* chary) 0

and so the zeta integral is formally given by
(R (f.w,5) = £(0) f_ @) ul’ di.
F

If F were actually a finite field then this would be a Gauss sum over a finite field, a standard
ingredient of local zeta integrals; with F a local field it is unclear how to interpret this but the
following examples provide insight.

EXAMPLE 5.5. Suppose K = F is non-archimedean and consider the formal integral

/, Yk o) du
F

with ¥k an additive character and w a multiplicative quasi-character with Re(w) > 0 (recall
that this is defined by |w )| = |[u|R for all u). If n is a sufficiently small integer, then we
have a convergent integral

/ Yk (o) du =0,
wl(n)
where w is the discrete valuation of F; so for n sufficiently small the value of the integral

/ Yk W) du
{u:w(u)=n}

does not depend on n. It seems reasonable to adopt this value as the meaning of the expression

S Wk o) du.

EXAMPLE 5.6. Suppose F = R and we wish to understand the formal integral

0 .
/ eZmudu )
0
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Replacing 27ri by some complex A with Re(A) < 0 gives a true integral with value

o
/ Mdu=—1/x.
0

Similarly we have
0
/ Mdu = 1/x
—0oQ

for Re()) > 0. This suggests that, formally,

0 00
/ eandu — _/ e2mudu +/ e2mudu =0
R 00 0

0 [}
/ X sign(u)du = —/ it dy —i—/ eFitdy = —i/m
R 00 0

and

where sign(u) is the sign (%) of u.
The first of these integrals is already taken into account by our measure theory: if
F = R((1)) and v is the character defined by ¥(}_, ant”") = e27i% (see example 3.2),

then v charp, belongs to L(F, ) and fF ¥ (x) charp, (x)dx = 0. But ¥ charep,, is also the

lift of u > ¥ at 0, 0 so formally fF ¥ (x) charp, (x)dx = [ €™ du.

Such meromorphic continuation tricks (in the parameter A) are common in quantum field
theory (see e.g. [24]) and I am grateful to Dr. Jorma Louko for discussions in this subject.
That such integrals appear here further suggests a possible relation between this theory and
Feynman path integrals. More evidence for such relations may be found in sections 16 and 18
of [13].

Ignoring the complications caused by this difficult case we may now deduce the first
main properties of some local zeta functions. Appendix B explains what is meant by a C(I")-
valued holomorphic function.

PROPOSITION 5.7. Letw be a good character of Oy, and let f be in S(F, ¥); assume
that f may be written as a finite sum of terms f = _; g;"""' Y, pi where each gV, is
treated by one of the cases of lemma 5.3 and p; € C(I"). Then

(i) For Re(s) sufficiently large, the integrand of the local zeta integral ¢ }pd (f, w,s) is
integrable over F* and so the local zeta integral is well-defined.

(i1) ;}d(f, w, s)/L(w, s) has entire analytic continuation: that is, there is a C(I")-
valued holomorphic function Z}p(f, w, s) on C which equals g’}p(f, w,s)/L(w, s) for Re(s)
sufficiently large.

(iii) There is some function g € S(F, V) for which Z}p (9, w, s) = 1 for all complex s.
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PROOF. The results follow by linearity, the previous lemma, and the main properties
of local zeta integrals on F. O

It is important to extend this result to all f in S(F, ¥); therefore the complication dis-
cussed in remark 5.4 must be resolved.

REMARK 5.8. We say a few words about functional equations. There is no result
as satisfactory as for zeta functions of a one-dimensional local field, and there is no reason
why there should be due to the charO; factor appearing in our definition of the local zeta

integrals. The most interesting issue here is making a functional equation compatible with the
difficulties caused by remark 5.4; this should indicate the correctness (or not) of examples 5.5
and 5.6.

6. Local functional equations with respect to s goes to 2 — s

In this section we continue our study of local zeta functions, considering the problem of
modifying the functional equation (FE) on F so that the symmetry is not s goes to 1 — s, but
instead s goes to 2 — s. This is in anticipation of the next section on two-dimensional zeta
integrals, where such a functional equation is natural.

Since this section is devoted to the residue field F, we write K = F (we also now use
the variables x, y for elements of K, where we previously used u, v). We fix an non-trivial
additive character g of K (until proposition, 6.13 where we consider the dependence on this
choice). Fourier transforms of complex-valued functions are taken with respect to this char-
acter (and the measure which was fixed at the start of the chapter): g(y) = f g@X)Yx (xy)dx.

The two main proofs of (FE) are Tate’s [35] using Fubini’s theorem, and Weil’s [36]
using distributions. For Weil, a fundamental identity in the non-archimedean case is

gl =l ") ()

for « € K*, where we write g(« -) for the function x — g¢(ax), notation which we shall
continue to use.

The aim of this section is to replace the Fourier transform with a new transform so that
(%) holds with |e|~2 in place of |«|~'. This leads to a modification of the local functional
2

equation, with | - |~ in place of | - |; see propositions 6.1 and 6.24.

6.1. Non-archimedean case. We assume first that K is a non-archimedean local
field, with residue field F,. The following proposition precisely explains the importance of

the identity g/@oﬁ =la| 5" ):

PROPOSITION 6.1. Suppose that g +— ¢* is a C-linear endomorphism of the
Schwartz-Bruhat space S(K) of K which satisfies, for some fixed integer n,

gla)* =la|"g* @ ")



INTEGRATION ON VALUATION FIELDS OVER LOCAL FIELDS 259

forall g € S(K),a € K*. Let w be a quasi-character of K*. Then there is a unique entire
function e4(w, s) which satisfies

Zk(g* . 07 n—s) = eu(0. 9) Zk (9. 0. 5)
forall g e S(K),a € K*.

PROOF. Let g be a Schwartz-Bruhat function on K, and @« € K*. Then for Re(s)
sufficiently large to ensure integrability, the identity

tk(g@), ,8) = w(@) a7tk (g, , 5)
holds. Conversely, for Re(s) sufficiently small, the assumed property of * implies that

1

tx(gla)* 0l n —5) = @ otk (g*, 0 n—s).

Therefore, for all complex s,

Zk(g(@), ,5) = (@) o™ Zk (g, w, 5)
and

1

Zr(ga)* 0™ n—5) = w@ Mo Zk (g%, 07 n —5).

Hence the C-linear functionals A on S(K) given by
g Zg (g, »,5)

and

1

g Zg (9", 0™ ,n—s)

(for fixed s) each satisfy A(g(a-)) = w(a) | A(g) forall g € S(K), « € K*. But the
space of such functionals is one-dimensional (see e.g. [29, [.2]) (for w # | - |~%) and there
is f € S(K) such that Zx (f, w,s) = 1 for all s (property (L) of local zeta integrals; see
beginning of section 5); this implies the existence of an entire function &, (w, s) as required.

O

REMARK 6.2. Suppose that * maps S(K) onto S(K). Then there is ¢ € S(K) such
that Zg (¢*, ™', n — s) = 1 for all s and so &4(w, s) is nowhere vanishing.

Our aim now is to investigate the epsilon factors attached to a particular transform *

which satisfies g(o -)* = |a|2¢* (@ !-). Let w : K* — Z be the discrete valuation of K
and 7 € K a fixed prime.

DEFINITION 6.3. Define

V:K—> K, x> a¥"Wy
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(and V(0) = 0). For g a complex-valued function on K, denote by W g the function

g(n—w(x)ﬂx) if w(x) iseven,

Wg(x) =
g g wO=D/2xy if w(x) is odd

(and Wg(0) = ¢(0)). Assuming that Wy is integrable on K, define the *-transform (with
respect to i) of g by

g*=W\goV.

REMARK 6.4. Compare this definition with [36] and section 15 of [AoAS], where
Fesenko defines the transform on the direct sum of two copies of a two-dimensional local
field F.

The *-transform depends on choice of prime 7. We will also denote by V the composi-
tion operator V(g) = go V.

The space of Schwartz-Bruhat functions S(K) is closed under the *-transform.

It is easy to verify that the *-transform has the desired property:

LEMMA 6.5. Suppose that g is a Schwartz-Bruhat on K and that @« € K*. Then
gla)* =la|2g* @),
PROOF. Ifx € F*,then W(g(x -))(x) = W(g)(m"”®ax). Hence
W(g(@)) = 7" @a| Wyt @a ).
Evaluating this at V(x) yields
9(e ) (@) = o 2Wg(r ™" @a™x"x) = |o| g @) O

REMARK 6.6. More generally, the previous lemma holds for any complex-valued g
for which Wg and W (g(a-)) are both integrable.

We now *-transform several functions. Let u be the measure of Ok under our chosen
Haar measure and let d be the conductor of ¥k .

EXAMPLE 6.7. Suppose g = charyro,. Then Wg = char, 2, , which has Fourier

—2r

transform puq ™" charya-2ry, . So the *- transform of g is

—2r

9" = puq~ " charam—ro,

where [d /2] denotes the least integer not strictly less than d /2. Compare this with the Fourier
transform

g =nq " chargarp,
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EXAMPLE 6.8. Suppose & = char|,rp, Withr > 1. Letx € K*. If w(x) is even,
then Wh(x) = lifand only if x € 1 4+ 7" Ok if w(x) is odd, then Wh(x) = 1 if and only if
7 lxel1+7"0k. So

Wh = char ;-0 + chary (14770 »

whence

—r—1

Wh = wg " char i—rp, Y&k + g char a—r-10, Yk ().

For the remainder of this example assume u = 1, d = 0, r = 2; we shall compute the
double *-transform A**.
It may be easily checked that if x € K, then

0 if x ¢ 7710k,
char, 20, (V) Yk (V(x) = { ¥k (') if x e n~'OF,
1 if x € Ok,
and
0 if x ¢ 7710k,
char, 30, (VOO Yk (TV(X) = { Yk (x) if x e 771 OF,
1 if x € Ok.

From the identity for Wh it now follows that
W =g Wk (") + g7 k) char,iox +¢ (1 +g7 ) charg, -
Set h1 = ¢k (=1 charﬂ_@lx(, hy = q_llﬁK charﬂ_@lx(; it may be checked that
Why = vx (rr_1 9 charﬂ,lolx( +vk charn,zoz
Why = q*1¢K charﬂ,lolx( —i—q*lwk(n D) charnfzolx( .
Standard Fourier transform calculations now yield
Wh) = q char_, 14,0, —char_ -1 0, +4* char_; 20, —q char_j1;0,
W-ﬁz = char_j ;0 —q*1 charp, +q char_ -1, 20, —char;o .
Further, by example 6.7, W(C/hEEQ «) = charp,, and so
*W(h*) =q char_ -1, .0, —char_ -1 0, +4* char_; 20, —q char_j ;04
+ char_y1,0, +q char_ -1, 205 —char;o, +charp, .

Now, x € K* implies w(Vx) is even, and so
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qzvm oV = q2 char_;, 25 oV —gq char_j;;0, oV
+char_y,;0, oV — char; o, oV + charp, oV

2
=gq° char_j, 20, —q char_j ;0
+ char_i 0, —char; o, +charp, .

That is,
= q—z charolx( —q_l(l — q_l)char_1+n(9,{ +char_;, 20, -
Note that although the definition of the *-transform depends on choice of prime 7, the
double *-transform ~2** of & does not. This will be proved in general below.

These examples were specifically chosen to allow us to compute explicit formulae for
the epsilon factors €, (w, 5):

EXAMPLE 6.9. We calculate the epsilon factor attached to the *-transform for the triv-
ial character 1. Suppose for simplicity that Og has measure 1 under our chosen Haar measure.
Let f = charp,. Example 6.7 implies f* = char 4219, ; it is a standard calculation

that Zx (f, 1,s) =1 —qg ' and Zg (f*,1,2—s) = (1 — g~ Hgq4/216=2 for all 5. Therefore

ex(l,5) = qfd/ZT(S—Z)

for all s.

EXAMPLE 6.10. We now calculate the epsilon factor attached to the *-transform for
ramified quasi-characters. Continue to suppose that that O has measure 1, and let w be a
quasi-character of K™ of conductor r > 0; that is, |11 ,r0, = 1 butw|;, r10, # 1.

Let h = char|; 0, ; 50 (g (h, w, s) is constantly m, the measure of 1 + 7" Ok under

dx = |x|~'dx. The aim is now to calculate {gx (h*, ™!, 2 — s) without calculating #*. By

example 6.8, Wh = h + h(z~'.), and so Wh=h+ q_lfz(rr-). Therefore

tk (B 07", 2 =) Z/ h( O x)w ()~ x |7 dx
KX
+q*1/ }'i(n,w(XH»]x)w(x)fl|x|27sd)>é
KXx

= Zq”(“z)/ h(r"x)w(x) " dx

neZ w=! (n)

+q 'Yy q"t? / A" x)w(x) " tdx

neZ w=! (n)

= Zq”(“z)a)(n)*”/ h(x?x)w(x) " 'dx
n OX

K

+q‘12q”“‘2)w(n)‘”/ A )wx)dx .
OX

n K
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But by Tate’s calculation [35] when calculating the epsilon factor in this same case,

mpg(w™l) if N=d—r,

otherwise,

/ h(x" )0 (x) ldx =
OX

K

q
0
where po(w™!) is the root number of absolute value one

po@™ ) =q7"Y o Ok E?TO),
0

the sum being taken over coset representatives of 1 + 7" Ok in Og.
Therefore

q(d—r)(s—2)/2w(n,)(r—d)/Zq—r/ZmpO(w—l) d—r even,
q(d—r—l)(s—2)/2—la)(n,)(l+r—d)/2q—r/2mp0(a)—l) d —r odd

[(r=d)/212=5) 4 () [(r =)/ 2]

kW, 0l 2—5) =

=q q7"84_rmpo(@~h)

where 8;_, = 1if r — d is even and = ¢~ ! if  — d is odd. Finally, as we have already
observed that ¢k (h, w, s) = m for all s, and L(w, s) = 1 for such a character, we obtain

e, 5) = g0 DIAC 4 () =D =125, po(@").

REMARK 6.11. More generally, if Og has measure ; under our chosen Haar measure,
then each of the epsilon factors above is multiplied by a factor of w.

Let us now consider what happens when we take the double transform f**. If w is
ramified with conductor r, then

ex(@, e, 2 = 5) = g D85 g7 po(@™ ) po()

2=/ 52

= u’q —rq " @(=1)po(w)po(@)

— ,U«2qr7d5d7rq7r0)(—1)
= 12q 8q—r0(=1).

If we declare the conductor of an unramified character to be 0 then this formula remains valid
for unramified w.

Therefore two applications of the functional equation imply that for all f € S(K), all
characters w of conductor » > 0, and all complex s,

tk (f**, 0,5) = n2q 8a_r0(~ 1)k (f, @, 5) . )

We will now proceed to use our results on epsilon factors to deduce properties of the
*-transform; the idea is to use identities between zeta integrals to obtain identities between
the functions. The following result is clearly of great importance in this method:

LEMMA 6.12. Let f € S(K) and suppose that (g (f, w,s) = 0 for all quasi-
characters w and complex s; then f = 0.
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PROOF. Let f be in S(K). Then f — f(0)charp, belongs to S(K*) and so the
zeta integral {g (f(0) charp, , w, s) is well-defined for all s and belongs to C[g*, ¢~*]. In-
deed, it suffices to observe that S(K*) is spanned by char,y,»p, where w(a) > m, and

X
¢k (chargmoy, ©,8) =q Jasnmo, @(8)dx.
However, for w = 1 the trivial character,

¢k (f(0) charo,, 1,5) = fF(O)m(1 — g )"

—w(a)s

where /m is the multiplicative measure of Oy . So the assumption that £x (f, 1, s) = 0 implies
F0)(1 —g~*)~! € Clg®*,q~*] as a function of 5. This is false unless f(0) = 0; therefore
f(0)=0andso f € S(F*).

So now ¢k (f, w, 1) is well-defined for all characters w of F* and equals f (w), where ~
denotes Fourier transform on the group K *; so f is a function on the dual group of X (K )
of K*. By the injectivity of the Fourier transform (see e.g. [18, chapter IV]) from L' (K*)
to C(X(K*)) (= continuous, complex-valued functions on X (K *)), our hypothesis implies
that f = 0. O

We will now use the weak functional equation (}) to prove results about the *-transform.
Recall that the transform depends on the choice of both non-trivial additive character and
prime; surprisingly, the double *- transform does not depend on choice of prime:

PROPOSITION 6.13. The double *-transform does not depend on choice of prime w. If
the character ¥k is replaced by some other character, with conductor d’ say, and we assume
thatd' = d mod 2, then the double *-transform is multiplied by a constant factor of qd/fd.

PROOF. Write more generally D; for the double *-transform with respect to prime 7;
and character 1&5( fori = 1, 2; let d; be the conductor of Wﬁ( and assume d; = d mod 2.
Equation (t) implies that for all f € S(K), all characters w of conductor » > 0, and all
complex s,

tk (D1 f, o, 8) = 12q 84—y (=1)lk (f, @, 5)
= qdz_d‘ k(DL f, w, ).

Lemma 6.12 implies now that D1 f = g%2=%1 D, f, revealing the independence from the
prime and claimed dependence on the conductor of the character. O

We use (T) again, this time to prove that * is an automorphism of S(K). It is interesting
that we are using properties of zeta integrals and epsilon factors to deduce properties of *; one
would usually work in the other direction but the author could find no direct proof and it is
very satisfying to apply zeta integrals to such a problem!

PROPOSITION 6.14. The *-transform is a linear automorphism of S(K).
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PROOF. Let D denote the double *-transform on S(K) with respect to our chosen
character (we have shown that it does not depend on choice of prime); let D denote the
double *-transform on S(K) with respect to a character v }< with conductor di # d mod 2.
Equation (}) implies that for all f € S(K), all characters w of conductor » > 0, and all
complex s,

tk (D1 Df, w,5) = n2q ™84, _r00(~ 1)k (Df, @, )
= utq Ny 84— r o (= 1) 22k (f, @, 8)
= H’4qid7dlq71§[((fs w, S)

as 848, —r = g~ forall r.
Lemma 6.12 now implies that D Df = u*q=¢%¢~1 f forall f € S(K). Therefore *
is injective. Replacing Dy D by D D in the argument similarly shows that * is surjective. O

REMARK 6.15. The key to the previous proof is the identity 8;—,84,—r = ¢!, which
removes the dependence on the conductor r of the multiplicative character. There is no clear
way to relate zeta integrals of f** with those of f in a manner independent of the character;
so we were forced to transform four times.

The following result shows that if ¥ ¢ has conductor O then the *- transform and Fourier
transform agree on functions lifted from the residue field K = Fy:

PROPOSITION 6.16. Assume that the conductor of Vi is 0. Let h be a complex-valued
function on K and r an integer; let f = h®" be the lift of h at 0, r (that is, f vanishes off
" Ok and satisfies f (7" x) = h(x) for x € Og). Then f* = q’“]f.

PROOF. Suppose initially that r = —1; to prove the assertion it suffices to consider
functions f = char, o, fora € 77Ok For such an f it is easily checked that W(f) = f
and f* = f.

For arbitrary r, note that x — f(x”*!x) satisfies the hypotheses for the r = —1

case; lemma 6.5 and the corresponding result for the Fourier transform, namely f(«-) =
lo| ™! f(a-) fora € K%, imply f* =g "' f. O

Let us summarise the main results of this section concerning local zeta integrals, the
*-transform, and related epsilon factors.

PROPOSITION 6.17. Let w be a quasi-character of K*. Then

(AC*) Analytic continuation, with the poles ‘bounded’ by the L- function: for all
Schwartz-Bruhat functions g, {k (g, ®, §)/L(w, s), which initially only defines a holomorphic
function for Re(s) sufficiently large, in fact has analytic continuation to an entire function

Zk(g,w,s)
of s.
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(L*) ‘Minimality’ of the L-function: there is a Schwartz-Bruhat function g for which
Zg(g,w,5) =1

forall s.
(FE*) Functional equation: there is an entire function €4(w, s), such that for all
Schwartz-Bruhat functions g,

Zr(g*, 0 ', 2 —5) = ex(w, ) Zk (g, , 5) .

Moreover, e.(w, s) is of exponential type; that is, e.(w, s) = aqb"' for some complex a and
integer b.

PROOF. Properties (AC*) and (L*) are just (AC) and (L) because they are independent
of the chosen transform. (FE*) is proposition 6.1 and the epsilon factors were shown to be of
exponential type by explicit calculation in examples 6.9 and 6.10. O

REMARK 6.18. For applications to zeta-integrals on two-dimensional local fields we
will require the *-transform and zeta integrals for functions defined on the product space
K x K. As S(K x K) = §(K) ® S(K), we may just define the *-transform on S(K x K)
by (f ® 9)* = f* ® g* and linearity.

Suppose that @ is a quasi-character of K> x K*; write w(x,y) = w;(x)wz(y) for
quasi-characters w; of K*. The decomposition S(K x K) = S(K) ® S(K) and previous
proposition imply

(i) For all f € S(K x K), the integral (xxk(f, w,5) = [[ f(x,yo(x,y)
[x]%]y|® d)xcd)xz is well-defined for Re(s) large enough.  Moreover, s + (lkxk
(f, w, s)/(L(w1, s)L(w2, s)) has analytic continuation to an entire function Zg « ¢ (f, w, ).

(ii) Thereis f € S(K x K) such that Zg «x (f, w,s) = 1 for all s.

(iii) Forall f € S(K x K), there is a functional equation:

Zixk(f* 072 = 5) = ex(01, )ew(@2, 5) Zg xk (f. @, 5)
for all s. Note that (w1, s)e« (w2, 5) is of exponential type.

6.2. Archimedean case. Now suppose that K is an archimedean local field. Rather
than present a version of proposition 6.1 using tempered distributions, we will just define and
investigate an analogue of the *-transform. The existence of an s goes to 2 — s functional
equation will be shown as in [35], via Fubini’s theorem.

DEFINITION 6.19. Introduce

V:K—-> K, xb |x|x.

. . . oy _1 .
Note that this V is a bijection with inverse x — x|x|™2 (for x € K*). Given a complex-
valued function f on K, define its *-transform by

= fov-lov,
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assuming that f o V™! is integrable.

REMARK 6.20. Note that the archimedean and non-archimedean V maps have the
same form: Vx = o (x)x where o is a splitting of the absolute value.

This archimedean *-transform has an integral representation similar to the Fourier trans-
form:

LEMMA 6.21. Let g be a complex-valued function on K such that x +— g(x)|x| is
integrable. Then g* is well-defined and
50 =2 [ gvx (V0iridr.
K

PROOF. By definition of the *-transform,
1
g ) =/90V—1(u)1//K(MV(y))dM = /g(u|u|_2)1//1<(uy|y|)du~

To obtain the desired expression, change variables x = ulu|~'/? = V~'(u) in the
integral. 0

REMARK 6.22. The previous lemma is enough to prove that if f is a Schwartz func-
tion on K, then both f* and f** are well-defined. Unfortunately, it is false that the *-
transform of a Schwartz function is again a Schwartz function, as the following example
shows.

EXAMPLE 6.23. We *-transform the Schwartz function g(x) = ¢~ on K = R with
additive character YR (x) = €27 using Lebesgue measure. Firstly, go V™! (x) = ¢ 7 sign()x
where sign(x) is the sign (£) of x, and so

gov-1(y) = /

0

efnxe2mxydx + / efnxefbnxydx .
0

A standard calculation from the calculus of residues is fooo e %P dx = 1/(a —ib) for

real «, b with @ > 0. Therefore g o V=1(y) = 277/(7% + 472y?) and so

2

* —
g =_3 T anty

which does not decay rapidly enough to be a Schwartz function. Since g o V™! is not differ-
entiable at 0, this is in agreement with the duality provided by the Fourier transform between
smoothness and rapid decrease.

We now prove an s goes to 2 — s functional equation:
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PROPOSITION 6.24. Suppose that o is a quasi-character of K*. If f, g are Schwartz
functions on K for which f*, ¢g* are also Schwartz, then

;K(fv w, s);[((g*vwilvz_s) = {K(f*vwilvz_s)gK(ngv S)

for all complex s. Here we write zeta functions where we strictly mean their meromorphic
continuation.

PROOF. One imitates Tate’s method, using the representation of the *-transform given
by lemma 6.21 to show that

{K(fvwv s){K(g*» w717 2— S)

=’ // K3 F@)g@Yk (Vxy)lxyzlo )~y dxdydz

for s with Re(s) = 1 — Re(w); here Re(w) is the exponent of w, defined by |w| = | - |Re@),
This expression is symmetric in f and g, from which follows

tk(fow. )k (g5 07 2 —5) =tk (fF 07,2 = 5)k (g, 0, 5) .
Apply the identity theorem to deduce that this holds for all complex s. O

EXAMPLE 6.25. We work under the conditions of example 6.23; let f = g o V. Then
g = ¢ which implies here that f* = f. For s complex of positive real part,

I o4 1
Ck(fil,8) = 57 I'(s/4) = EﬁK(g, 1,s/2).

Therefore the previous proposition implies that if 1, h* are Schwartz on R, then

T4 —5)/4)
TS/AL(s/4)

-1
_ 2“/2]n“/2<cos($)F(%>> tx(h,1,s),

by the same Gamma function identities used in [35].

{[((/’l*, 1,2 —ys) =

Sk (h,1,5)

REMARK 6.26. If f is a Schwartz function and w a quasi-character, then we know that
tk (f, w, s)/L(w, s) analytically continues to an entire function; also, f may be chosen such
that ¢x (f, w, s) = L(w, s). However, as example 6.23 demonstrates, the standard choice of
f may be such that f* is not Schwartz.

The author suspects that if f is a Schwartz function on R for which f* is also Schwartz,
then ¢x (f, 1, s)/(w ~3/4I" (s /4)) will analytically continue to an entire function; moreover, we
have seen in the previous example that this denominator satisfies the ‘minimality’ condition
(i.e. it occurs as a zeta function). This would justify calling 7 ~5/4I" (s /4) the local L-function

for *.
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7. Two dimensional zeta integrals

In this, the final section of the paper, we apply the integration theory to the study of
two-dimensional local zeta integrals.

7.1. Non-archimedean case. F is now a non-archimedean, two-dimensional local
field. Thus I" = Z and F is complete with respect to the discrete valuation v, with residue
field F a non-archimedean (one-dimensional) local field; the residue field of F is F,. The rank
two ring of integers of F is O = p’l (OF). Let 1y, 12 be local parameters for F which satisfy
tp = t(1) and 7] = 7, where 7 is the prime of F which was used to define the *-transform on
K = F in the previous section.

Let K ;)p (F) denote the second topological K-group of F (see [11]); recall that K ;’p (F)
is the appropriate object for class field theory of F' (see [10] for details). We recall those
properties of K5 (F) which we shall use:

(i) A border map of K-theory defines a continuous map 0 : K [OP(F ) > F " which
p y p 2
satisfies

Mu,ny=u, du,v}=1 (for u,veOf).
d does not depend on choice of ¢, #. Introduce an absolute value
|-1: KyP(F) > Roo, & [0()|5.

(i) Let U be the subgroup of K;OP(F ) whose elements have the form {u, t;} + {v, 12},
foru, v € OF. Ky (F) decomposes as a direct sum Z{t1, 1} ® U. Note that |n{t1, } +u| =
g ™ forneZ,uel.

(iii)) For any quasi-character y : Kg)p(F ) — C*, there exist complex s and a character

xo0 : U — S! such that
x({ti, b} +u) = xow)g™ HorneZ, uecl).

The real part of s is uniquely determined by x and is said to be, as in the one-dimensional
case, the exponent of y (denoted Re(x)).

DEFINITION 7.1. Introduce T = O; X (9;5, Tt =0OF x Op,and a surjective homo-
morphism

T — K7 (F), (o, B) > {a, ) + {11, B}y + w(B){tr, —12} .
Note that if u, v € 0; and i, j € Z then t(t{u, t'ljv) =@+ i, 0} + {t1, v} + {u, n}.

REMARK 7.2. Compare with section 16 of [A0oAS]. t depends on the choice of local
parameters t1, t;. T is the closure of T in the two- dimensional topology of F; its relation to

T is the same as F to F . in the one-dimensional local theory, the adele group A to the idele
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group A in the one-dimensional global theory, or the matrix algebra M,, to the group GL,
in R. Godement and H. Jacquet’s generalisation [19] of Tate’s thesis.
Note that (x, y) € T implies |[t(x, ¥)| = |x]|Y| € Rxo.

Given a C(X) (= C(I")) -valued function f on T™, a quasi-character x of K;)p (F),
and complex s, Fesenko suggests in [AoAS] the following definition for the associated (two-
dimensional) local zeta integral:

F*xF*
C(fox,8) =R (f xs ) =/ F(x, ) x o tx, )[t(x, y)I° charr (x, y) dxdy,

assuming that the integrand is integrable on F* x F*; integration on this space is discussed
in appendix C.

We now prove analytic continuation, and moreover a functional equation, for a class of
functions f and characters y; we write f° for the lift of f € S(F x F) at (0, 0), (0, 0) (see
appendix C for the definition).

PROPOSITION 7.3. Let x be a quasi-character of Kg)p(F) and suppose that x ot
factors through the residue map T — F* x F*. Let w; be the quasi-characters of F-
defined by y o t(x,y) = w1 (X)w2(y). Define Lr(x,s) = L(w1, s)L(w2, s), a product of two
L-functions for F, and e (x, s) = ex(w1, 8)&x(wa, §), a product of two epsilon factors for F.
Then

(AC2) Forall f € S(F x F), the zeta function £(f°, x, s) is well-defined for Re(s)
sufficiently large. Moreover,

c(f x,9)/Lr(x,s)

has analytic continuation to an entire function, denoted Z( f 0, X, S).
(L2) Thereis f € S(F x F) such that Z(f°, x.,s) = 1 for all s.
(FE2) Forall f € S(F x F), a functional equation holds:

Z(O T 2= 9) = er (0, ) Z(F0 X, 5)

forall s. Moreover, e (x, s) is of exponential type; thatis e (x, s) = aqbs for some complex
a and integer b.

PROOF. By definition of the integral on F* x F* and a similar argument to example
4.6 (i), we have

(0 x.5) =ffx ff £, )1 @Wan @)l vl did

which we denoted (7, 7 (f, w1 ® w2, s) in remark 6.18. That is, since we are only considering

functions f which lift from F x F, the zeta integral over O x OF reduces to a zeta integral
over F x F. All required results follow from that remark. O
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REMARK 7.4. The previous example highlights the interest of lifting the *-transform
up to F' in a similar way to how we lifted the Fourier transform. Then it may be possible to
generalise this proposition to more functions on Of x OF than simply those which lift from
F x F. However, it is unclear whether this would produce anything essentially new.

REMARK 7.5. Having calculated epsilon factors for the *-transformation in section 6,
we have formulae for the two-dimensional epsilon factors

er(X,s) = ex(w1, 8)ex(wn2, 5) .
For example, if w is ramified with conductor > 0 but w; is unramified, then
er(x,s) = q(((r—d)/ﬂ—fd/ZD(Z—S)X (t1,1) ((r—d)/ﬂq—r/25d_rp0(wl—1)
where d is the conductor of the additive character on F used to define the *-transform.

There is another relation between zeta integrals on F and 'F which we now discuss; first

we need a lemma:
LEMMA 7.6. Let g be a complex-valued function on F and s complex such that g| - |*

is integrable on F*. Letw: F ' — Z be the discrete valuation on F; introduce
g F xF =€ (x,y) > gamn@Ouwon=eoy) oy,

Then ¢ is integrable over F* xF*,with integral
X X 1+ qis _
// g'(x,y)dxdy = ,U«(O%)l_—q_s / g(x)|x[¥dx,
where |1 is the multiplicative Haar measure on F.

PROOF. The integral of ¢’ over F~ x F " is

min(m,n)—m —s(n+m) dxdx )
DO B R £)g ™0 did

neZ meZl
Split the inner summation over m < n and m > n, and then interchange the order of the
double summation ), >" elementary manipulations complete the proof. O

m<n’

DEFINITION 7.7. Introduce a ‘generalised residue map’:

pr:TH —F, (@'2u, ' tfv) tfmn(”’-“)t;mn(’z’”)u
where u,v € O, i1, j1 € Z,and i3, j» € N.
REMARK 7.8. The map p2, when restricted to 7', factors through K, (F):

pa(tu, 1 v) = d(minGi, j){n. 22} + {11 v} + {u. 12)
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where u,v € Of, i, j € Z.
p2 provides a new method for lifting zeta integrals from F to F:

PROPOSITION 7.9. Let w be a quasi-character offx, s complex, and g a complex-
valued function on F such that g * | - | is integrable on F™; let X = w o d. Then the zeta

integral £ (g o p2, X, 5) is well-defined and

1+
g(gop2 x.8) = M(OF)T t7(g, 0,25+ ¢),

—5—C

where ¢ € C is defined by w = wy | - | with wo a character offX trivial on 7.
PROOF. For(x,y)eT,

g0 pa(x, y)x o t(x, y) [t0x, )| x|~ [yt

— g(rMN@@ =5 o 77D 73!
= (M@ 0O F) 0 (F) (77!

min(w(x),w(y))—w(x) min(w(f),w(y))fw(f)f) |W|s+cfl

=g x) wo(m

so that (x, y) = g o pa(x, ) x o tx, ) [t(x, y)*| [x| =" [y~ is the lift of

min(w(u),w(v))—w(v) min(w(u),w())—w(u) |s+c71

u,v) — g(mw u) wo(w u) luv

at (0, 0), (0, 0). The result now follows from the previous lemma. O

This is enough to deduce analytic continuation of some more zeta functions:

COROLLARY 7.10. Let w be a quasi-character of - , L(w, s) the associated L-
function, and g a Schwartz-Bruhat function on F; let x = w 0 3. Then
(i) For Re(s) sufficiently large, the zeta integral (g o p2, X, s) is well-defined.
(ii)  The holomorphic function ¢ (go pa, x, 8)/(L(w, s)(1 — x ({t1, n})g~*)™ "), initially
defined for Re(s) sufficiently large, has analytic continuation to an entire function.

PROOF. This follows from the corresponding results for local zeta functions on F, the
previous proposition, and the identity x ({t1, #2}) = w () = ¢~¢ where c is as in the previous
proposition. O

It has been useful throughout for x o t to factor through the residue map 7 — F xF".
In the next two examples we consider some situations in which this happens. Let L, a two-
dimensional local field, be a finite abelian extension of F' and let x be a character of K ;)p(F )

which vanishes on Np K;Op (L). So x corresponds, via two-dimensional class field theory,
to a character of Gal(L/F).
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EXAMPLE 7.11. Suppose L/F is separable with |L : F| = |L : F|; ie. L/F is
unramified as an extension of complete discrete valuation fields.

Then o0 induces a surjection K;OP(F)/NL/FKEOP(L) — fX/NL/FZX. Further,
the separability assumption implies L/F is an abelian extension of local fields, so that
|F~ /NZ/FZX| =|L:F|=|L:F|=|Ky"(F)/Ni;rKy"(L)|; thus the aforementioned
induced surjection is an isomorphism. Therefore x factors through o.

EXAMPLE 7.12. Suppose L = F, p{|L : F|,and & € Ny rL* (‘a totally tamely
ramified extension in the second parameter’).

Then (x, y) € T implies t(x, y) = {t1, ®(y)} mod NL/FKEOP(L), where © is the pro-
jection

@:sz(tl)x(tz)xF;XVF—>FqX

(see [10]). Here VF is the two-dimensional group of principal units of F'. Therefore there

exists a tamely ramified quasi-character @ of F™ such that xotlx,y)=w(®)for(x,y) eT.

These examples show that our functional equation applies to all ‘sufficiently unramified’
characters; but do observe that in example 7.11, the residue extension Z/f is allowed to be
as ramified as desired. The proof of the functional equation in [AoAS] is valid whenever all
relevant functions are integrable, and proposition 7.3 is certainly a special case. However, it
appears that if x is ramified then certain interesting functions fail to be integrable.

The failure of the integral to work in the ramified setting is a serious difficulty, which may
only be overcome through a systematic comparison of the current theory with the ramification
theory of two-dimensional local fields. See section 6.1 of the author’s thesis [32] for some
thoughts on the subject.

7.2. Archimedean case. Now suppose that F' is an archimedean, two-dimensional
local field; that is, I" = Z, F is complete with respect to the discrete valuation v, and the
residue field F is an archimedean local field. The classification of complete discrete valuation
fields (see e.g. [15, I1.5]) implies that F is isomorphic to a field of Laurent series C((¢)) or
R((¢)), where we write t = £(1).

The correct way to use topological K-groups for class field theory and zeta integrals of
such fields is not clear, so we content ourselves with making a few remarks about generalising
the results in the non-archimedean case without appealing to K-groups.

Given Schwartz functions f, g on F for which f*, g* are also Schwartz, and  a quasi-

character of O which factors through the residue map Oy — F*, proposition 6.24 implies
that

F* . [F* .

00(x) w(x)|x|* charpx(x)dx (g*)o’o(x) w(x) " Hx >~ charpx (x) dx
o5 o
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is invariant under interchanging f and g. There is an analogous result for integrals over
Op x Op.

An extension of F' cannot be wildly ramified in any sense, and so by analogy with ex-
amples 7.11 and 7.12 we expect arithmetic characters on O (or Oy x Ojy) to lift from F-.
Hence this functional equation may be satisfactory in the archimedean case.

Indeed, in the case F = C((r)), the finite abelian extensions of F have the form C((z'/"))
for natural n. A character attached to such an extension is surely a purely imaginary power of
| - |; this lifts to O from F .

If F = R((1)), then F has maximal abelian extension C((z!/2)), with subextensions
R((+1/?)) and C((t)). A character attached to the extension C((t/2)) is OF — {£1} : x >

sg(x), which again lifts from F~.

8. Further work

We discuss some topics related to the theory of this paper.

Motivic integration, reduction to the residue field, and ramification. The philoso-
phy followed to a large extent in this paper is that any reasonable theory (e.g. integration,
harmonic analysis, zeta integrals) should ‘lift’ from F; indeed, most proofs reduce a problem
on F to the analogous problem on F, where the result is known. However, this approach can
only capture sufficiently tame information, and it is for this reason that the functional equation
in section 7 does not apply to arbitrarily ramified characters. This phenomenon also appears
when changing variables in integrals over two-dimensional local fields; see the discussion
below and the paper [31].

E. Hrushovski and D. Kazhdan’s model-theoretic approach to motivic integration pro-
vides a systemtic way to realise many subsets of a valuation field of characteristic zero as lifts
of subsets of the residue field. Working in a logical language which is suitable for a two-
dimensional local field F, it appears to be possible (see [32, chapter 5]; some work remains
remains to be done) to apply their work to recover results not only of this paper but also of
related work, so long as the local field F has characteristic zero. This assumption on the
characteristic of F prevents ramification problems appearing.

When F is a two-dimensional local field of finite residue characteristic, one can hope
to refine the integration theory developed in this paper by taking account of additional ram-
ification phenomena. The most useful, with this aim in mind, approach to the ramification
theory of such fields appears to that developed by A. Abbes and T. Saito [1] [2] using rigid
geometry; some alternative approaches are due to J. Borger [5] [4], K. Kato [25] [26], and
I. Zhukov [37] [38]. The reader interested in this potential amalgamation of the integration
theory and ramification theory should consult the beginning of chapter 6 of [32] for further
discussions in this direction.
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F™" and GL,,(F). As discussed in appendix C, the space of Haar integrable functions

(and the integral) on F~ lifts to F2. This space of functions is not closed under the action
of GL,(F). There exists a different class of integrable functions which is closed under the
action, and for which the identity

F? F?
f(tx)dx = |detz|™! f(x)dx

holds for appropriate f and T € GL,(F).
Similar results hold for F”, for any n > 1. Just as we deduced the existence of an

invariant measure on F*, the results for F" imply the existence of a translation-invariant
measure and integral on GL, (F). See [30] for details.

Non-linear change of variables and Fubini’s theorem. For applications in the repre-
sentation theory of algebraic groups over F, it is essential that the invariant measure on F?
behaves well under non- linear changes of variables. For example, if f is a suitable C(I")-
valued function on F2 and h is a polynomial with coefficients in F, then it was expected
that

F F F F F F
//f(x,y—h(x))dxdy=/ / f(x,y—h(x))dydx=/ / [, y)dydx .

However, work of the author [31] shows that this identity can fail if the local field F has finite
characteristic p, due to ramification phenomena interfering with the integrals in a way which
is not yet understood.

Wiener and Feynman measure; quantum field theory. The field R(z), and certain
subspaces of R((¢)), may be identified with spaces of functions. In particular, tR[¢] may be
identified with a subspace of the space of continuous paths [0, 1] — R which vanish at 0 i.e.
Wiener space. It would be interesting to understand relations between Wiener measure and
our measure.

Similarly, the subspace of C((¢)) consisting of Laurent series which converge on the
punctured unit disc in the complex plane define continuous loops S! — C. A comparison
of the measure in this case, in conjunction with the real case above, may provide insight into
Feynman measure on such spaces.

The values of divergent integrals in quantum field theory, after renormalisation, appear as
epsilon factors in our local zeta integrals (example 5.6). The duality provided by a functional
equation would provide arithmetic arguments for the values of such integrals. It would be
very interesting to investigate whether this arithmetic value coincides with the physical value.

I would like to thank the organisers A. Truman and A. Neate of the recent conference
‘Feynman path integrals and their applications’ (Swansea University, 18—19 Jan. 2010) for
their hospitality and interest.
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A. Rings generated by d-classes

This appendix gives a clear exposition of the calculations required to develop the measure
theory of section 2 from the integration theory; many of the manipulations here are inspired
by [A0oAS] and [20].

DEFINITION A.l. Let A be a collection of subsets of some set £2.

A is said to be a ring if it is closed under taking differences and finite unions. A is said to
be a d-class if it contains the empty set and satisfies the following: A, B in A with non-trivial
intersection implies .4 contains A N B and A U B. Elements of a d-class are called d sets.

EXAMPLE A.2. The following are examples of d-classes.
(i) The collection of finite intervals of R, open on the right and closed on the left,
together with the empty set.
(ii)) The collection of translates of some chain of subgroups of a group, together with
the empty set.

We fix for the remainder of this appendix a d-class on some set.

LEMMA A.3. Let A; be d sets, fori = 1,...,n. Then there exist disjoint d sets Bj,
Jj=1,...,m, such that each Bj is a union of some of the A; and such that U,- A = I_lj B;

PROOF. A simple induction on n. O

Informally, the result states that any finite union of d sets may be refined to a disjoint
union.

DEFINITION A.4. A set of the form A \ |_|; A; for some d sets A, Ay, ..., A,, with
A; C A foreach i, is said to be a dd set.

REMARK A.5. A couple of remarks about dd sets:

(i) Consider aset of the form X = A\ J; A; fordsets A, Ay ..., A,,, where we make
no assumption on disjointness or inclusions. Then X = A\ [ J; A N A;; lemma A.3 implies
that X is a dd set.

(ii) Theidentity (A\|]; A))N(B\ |_|j Bj)=(ANB)\ (L ]; AiuU |_|j Bj) and lemma
A.3 imply that dd sets are closed under taking finite intersections.
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DEFINITION A.6. A finite disjoint union of dd sets is said to be a ddd set.
LEMMA A.7. The difference of two dd sets is a ddd set.

PROOF. For arbitrary sets A, Ao, B, (B;); with B; C B, the identity
(A\ Ao\ (B v B,;) = (A\ (BUAp) u|_[((B; N A)\ Ag)
J J

is easily verified. Replace Ag by a disjoint union of d sets and use remark A.5 to complete the
proof. O

PROPOSITION A.8. The difference or union of two ddd sets is a ddd set.

PROOF. The difference of two ddd sets may be written as a finite disjoint union of sets
of the form () E; \ D;, a finite intersection of differences of dd sets; such a set is an intersection
of ddd sets by lemma A.7. By De Morgan’s laws, this may be rewritten as a disjoint union of
intersections of dd sets. Hence the difference of two ddd sets is again a ddd set.

Let Dy, ..., Dyand Ey, ..., E,, be disjoint dd sets. Then| |; D; U|_|j Ej is the disjoint

union of the following three sets:
Wi = I_l D; N I_l E;
i J

wy=| |Di\| | E)
i J
ws=|_|E;\| | Di.
j i
W, and W3 are ddd sets by lemma A.3. Further, W; = Ui, i (D; N Ej) is a ddd set by remark

AS. O

PROPOSITION A.9. The collection of all ddd sets is a ring; indeed, it is the ring gen-
erated by the d-class.

PROOF. This is the content of the previous result. O

B. C(I')-valued holomorphic functions

We briefly explain the required theory of holomorphic functions from the complex plane
to C(I"), though C(I") could be replaced with an arbitrary complex vector space.

DEFINITION B.1. Suppose f is a C(I")-valued function defined on some open subset
of the complex plane. We shall say that f is holomorphic at a point of U if and only if, in
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some neighbourhood Uy of this point,
n
f@ =) f@pi,
i=1

for some f1, ..., fu, complex-valued holomorphic functions of Uy, and py, ..., p,, elements
of C(I').

Although the definition of holomorphicity is a local one, we can find a global represen-
tation of any such function on a connected set:

PROPOSITION B.2. Let (pi)ics be any basis for C(I") over C, and let (7;)ic] be the
associated coordinate projections to C. Let f be a C(I")-valued holomorphic function on
some open subset U of C. Then

(i) m; o f is a complex-valued holomorphic (in the usual sense) function of U.

(i) If U is connected then there is a finite subset Iy of I and complex-valued holomor-

phic functions f;, fori € Iy, of U such that

f&) =) fipi

iely
forallz € U.
PROOF. Let us suppose that
n
f@ =Y fikq; (%)
j=1

for all z in some open Uy C U, where the f; are complex valued holomorphic functions of Uy
and q1, ..., g, € C(I'). Then each g; is a linear sum (with complex coefficients) of finitely
many p;; therefore there is finite Iy C I suchthat f(z) =Y .., fi(z)p; forall z € Uy, where
each f; is a sum of finitely many f;. Soforanyi € I,

iely

fi ifiel,

nioflUO:{o if Q¢ I

and therefore 7r; o f is holomorphic on Uy.

But f is holomorphic, so each point of U has an open neighbourhood where f can be
written as in (x); therefore 77; o f is holomorphic on all of U. This proves (i).

(ii) follows from (i) as soon as it is known that there are only finitely many i in I for
which 7; o f is not identically zero on U. But the identity theorem of complex analysis
implies that if 7r; o f is not identically zero on U, then it is not identically zero on any open
set Uy € U. So choose Uy as at the start of the proof and write f|y, as in (x);if 7r; o f is not
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identically zero on Uy, theni € Iy. So forall z € U,

f@=) mofR@pi. O
iely
Although it is very easy to prove, the identity theorem here is fundamental, for else we
would not be assured of the uniqueness of analytic continuations:

PROPOSITION B.3. Suppose that f is a C(I")-valued holomorphic function on some
connected open subset U of C. Suppose that the zeros of f have a limit point in U; then f is
identically zero on U.

PROOF. Let (p;)ies and (7r;);e; be as in the previous proposition. By the usual identity
theorem of complex analysis, each m; o f vanishes everywhere; therefore the same is true of

S O

Enough has now been proved to discuss analytic continuation of C(I”)-valued functions
as required in section 5.

C. Integrationon F' x F

In this short section we summarise without proofs the required elements of integration
theory for the product space F' x F. Proofs of similar results may be found in [30].
Let £2 denote the space of Haar integrable functions on F x F.

DEFINITION C.1. Given ¢ € £2? aj,ao € F, and y1,y» € I, the lift g at
(a1, az), (y1, y2) is the function f = g(“"“Z)’(V“W) which vanishes off a; + ¢ (y1)OFr X a +
t(y2)OF, and satisfies

gl ) (1, x9) = g((er — at(—yn), (2 — a2t (—72))
if x; € ai +1t(y;)OF fori = 1,2. Note that if ¢ = g1 ® ¢», where g; € L fori = 1,2, then
f= gills)’l ® g;z,yz_

Let L(F x F) denote the C(I") space of C(I")-valued functions on F' spanned by g*¥
for g € L% aeF x F,and y € I' x I'. The integral on F x F lifts:

2
PROPOSITION C.2. There is a (necessarily unique) C(I")-linear functional fF on
2
L(F?) which satisfies fF (gl®)-(rr2)y = [ g(u, v)dudv X172 for g € L2 al,ar € F,
2
y1, Y2 € I'. L(F X F) is closed under translation and f F is translation-invariant.

Let L(F* x F*) be the space of C(I")-valued functions ¢ on F* x F* for which
(x,y) — ¢(x, y)|x|7'y|~! may be extended to F x F as a function in L(F x F). Define

F*xFX* F? Cli—1 . L .
f (¢) = f ¢(x, y)|x|”|y|~", where the integrand on the right is really the extension
of the functionto F' x F.
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PROPOSITION C.3. [If¢ belongsto L(F* x F*) and a1, ap are in F*, then (x, y) —>

¢(arx, apy) belongs to L(F* x F*) and
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FXxF* Y x FXxF* Y x
/ ¢(ot1x,ot2y)dxdy=/ ¢(x,y)dxdy.
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